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Abstract
We construct the complete coupling of (1, 0) supergravity in six dimensions to n
tensor multiplets, extending previous results to all orders in the fermi fields. We then
add couplings to vector multiplets, as dictated by the generalized Green-Schwarz
mechanism. The resulting theory embodies factorized gauge and supersymmetry
anomalies, to be disposed of by fermion loops, and is determined by corresponding
Wess-Zumino consistency conditions, aside from a quartic coupling for the gaugini.
The supersymmetry algebra contains a corresponding extension that plays a crucial
role for the consistency of the construction. We leave aside gravitational and mixed
anomalies, that would only contribute to higher-derivative couplings.
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1 Introduction
One of the most striking features of perturbative superstring theory in ten dimensions
is the absence of anomalies. In the type-IIB theory this is realized by miraculous can-
cellations between various contributions [1], while in the type-I and heterotic theories
the Green-Schwarz mechanism [2] generates anomalous couplings that exactly cancel the
contributions of fermion loops, once one restricts the gauge group to be SO(32) for the
type I theory and SO(32) or E8 × E8 for the heterotic theory. All these N = 1 theories
are very interesting, since they can be naturally compactified to rich spectra of N = 1
theories in four dimensions. In this context, an interesting intermediate step is the study
of (1, 0) vacua in six dimensions, since in these compactifications the absence of anomalies
is a strong restriction on the low-energy physics.
The massless representations of (1, 0) supersymmetry in six dimensions, labeled by
their SU(2) × SU(2) representations, are the gravity multiplet ((1, 1) + 2(1, 1
2
) + (1, 0)),
the tensor multiplet ((0, 1)+2(0, 1
2
)+(0, 0)), the vector multiplet ((1
2
, 1
2
)+2(1
2
, 0)), and the
hypermultiplet (2(0, 1
2
) + 4(0, 0)). [3] considered pure (1, 0) supergravity, and in [4] (1, 0)
supergravity was coupled to an arbitrary number of tensor multiplets to lowest order in
the fermi fields, while [5] considered the case of a single tensor multiplet and an arbitrary
number of hypermultiplets. It was then found [6] that the model in [4] can be coupled
to Yang-Mills multiplets in a way determined by the residual gauge and gravitational
anomalies. The relation to the supersymmetry anomaly was elucidated in [7], to lowest
order in the fermi fields, and the resulting coupling to hypermultiplets was then partly
constructed in [8].
Letting nT , nV and nH denote the numbers of tensor, vector and hypermultiplets, the
condition that the term trR4 be absent in the anomaly polynomial [9],
nH − nV + 29nT = 273 , (1.1)
allows a large number of possible vacua. Perturbative heterotic vacua in six dimensions
can be obtained by orbifold compactifications or by compactifications on smooth K3
manifolds with instanton backgrounds. Anomaly cancellation requires that the total in-
1
stanton number be 24, and these vacua include a single tensor multiplet, as one can easily
see reducing the ten dimensional low-energy theory. The situation is quite different in
perturbative six-dimensional type I vacua since, as suggested in [10], these models are
determined by a parameter space orbifold (orientifold) construction, and this naturally
allows several tensor multiplets [11]. The residual anomaly polynomial in general does
not factorize, and several antisymmetric tensors contribute to the cancellation in a gen-
eralized Green-Schwarz mechanism [6]. Moreover, the low-energy supergravity exhibits
singularities in the moduli space of tensor multiplets, corresponding to infinite gauge cou-
pling constants [6]. These singularities have attracted some interest, since they reflect the
presence in the vacuum of string excitations with vanishing tension [12], and signal a new
kind of phase transition [13]. The conjectured type I - heterotic duality [14] relates these
peculiar perturbative type-I vacua to corresponding non-perturbative heterotic vacua.
In this paper we construct the complete (1, 0) supergravity coupled to tensor and
vector multiplets. This theory contains (reducible) gauge and supersymmetry anomalies
induced by tensor couplings, that here are completely determined solving Wess-Zumino
consistency conditions. In Section 2 we construct minimal supergravity coupled to n
tensor multiplets, thus completing [3, 4] to all orders in the fermi fields. In Section 3
we include all additional couplings to vector multiplets, thus completing [6, 7]. Some of
the higher-order fermion couplings were previously introduced in [8], where couplings to
hypermatter were also considered. Section 4 is devoted to a discussion of our results,
while the Appendix collects some details on our notation and a number of identities used
in our derivations. While this work was being typed, a lagrangian superspace formulation
of the theory with tensor multiplets only was presented in [15].
2 Minimal Supergravity in Six Dimensions Coupled
to n Tensor Multiplets
In this Section we describe minimal (1, 0) six-dimensional supergravity coupled to n tensor
multiplets. Simple supersymmetry in six dimensions is generated by an Sp(2) doublet of
2
chiral spinorial charges Qa (a = 1, 2), obeying the symplectic Majorana condition
Qa = ǫabCQ¯Tb , (2.1)
where ǫab is the Sp(2) antisymmetric invariant tensor. Since all fermi fields appear as
Sp(2) doublets, from now on we will mostly use Ψ to denote a doublet Ψa. Further
details on this notation may be found in the Appendix.
Let us begin by reviewing the work of Romans [4]. The theory includes the vielbein
eµ
a, a left-handed gravitino Ψµ, (n + 1) antisymmetric tensors B
r
µν (r = 0, ..., n) obeying
(anti)self-duality conditions, n right-handed “tensorini” χm (m = 1, ..., n), and n scalars.
The scalars parameterize the coset space SO(1, n)/SO(n), and are thus associated to the
SO(1, n) matrix (r = 0, ...n)
V =
(
vr
xmr
)
, (2.2)
whose matrix elements satisfy the constraints
vrvr = 1 ,
vrvs − xmr xms = ηrs ,
vrxmr = 0 . (2.3)
Defining
Grs = vrvs + x
m
r x
m
s , (2.4)
the tensor (anti)self-duality conditions can be succinctly written
GrsH
sµνρ =
1
6e
ǫµνραβγHrαβγ , (2.5)
where Hrµνρ = 3∂[µB
r
νρ]. These relations only hold to lowest order in the fermi fields, and
imply that vrH
r
µνρ is self dual, while the n tensors x
m
r H
r
µνρ are antiself dual, as one can
see using eqs. (2.3). The divergence of eq. (2.5) yields the second-order tensor equation
Dµ(GrsH
sµνρ) = 0 (2.6)
while, to lowest order, the fermionic equations are
γµνρDνΨρ + vrH
rµνργνΨρ − i
2
xmr H
rµνργνρχ
m +
i
2
xmr ∂νv
rγνγµχm = 0 (2.7)
3
and
γµDµχ
m − 1
12
vrH
rµνργµνρχ
m − i
2
xmr H
rµνργµνΨρ − i
2
xmr ∂νv
rγµγνΨµ = 0 . (2.8)
Varying the fermi fields in them with the supersymmetry transformations
δeµ
a = −i(ǫ¯γaΨµ) ,
δBrµν = iv
r(Ψ¯[µγν]ǫ) +
1
2
xmr(χ¯mγµνǫ) ,
δvr = x
m
r (ǫ¯χ
m)
δΨµ = Dµǫ+
1
4
vrH
r
µνργ
νρǫ ,
δχm =
i
2
xmr ∂µv
rγµǫ+
i
12
xmr H
r
µνργ
µνρǫ , (2.9)
generates the bosonic equations, using also eqs. (2.5) and (2.6). Thus, the scalar field
equation is
xmr Dµ(∂
µvr) +
2
3
xmr vsH
r
αβγH
sαβγ = 0 , (2.10)
while the Einstein equation is
Rµν − 1
2
gµνR + ∂µv
r∂νvr − 1
2
gµν∂αv
r∂αvr −GrsHrµαβHsναβ = 0 . (2.11)
To this order, this amounts to a proof of supersymmetry, and it is also possible to show
that the commutator of two supersymmetry transformations on the bosonic fields closes
on the local symmetries:
[δ1, δ2] = δgct(ξ
µ = −i(ǫ¯1γµǫ2)) + δtens(Λrµ = −
1
2
vrξµ − ξνBrµν)
+δSO(n)(A
mn = ξµxmr(∂µx
n
r )) + δLorentz(Ω
ab = −ξµ(ωµab − vrHrµab)) . (2.12)
To this order, one can not see the local supersymmetry transformation in the gauge
algebra, since the expected parameter, ξµΨµ, is generated by bosonic variations. As
usual, the spin connection satisfies its equation of motion, that to lowest order in the
fermi fields is
Dµeν
a −Dνeµa = 0 , (2.13)
and implies the absence of torsion.
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Completing these equations will require terms cubic in the fermi fields in the fermionic
equations, and terms quadratic in the fermi fields in their supersymmetry transformations.
Supersymmetry will then determine corresponding modifications of the bosonic equations,
and the (anti)self-duality conditions (2.5) will also be modified by terms quadratic in the
fermi fields. Supercovariance actually fixes all terms containing the gravitino in the first-
order equations and in the supersymmetry variations of fermi fields.
The supercovariant forms
ωˆµνρ = ω
0
µνρ −
i
2
(Ψ¯µγνΨρ + Ψ¯νγρΨµ + Ψ¯νγµΨρ) , (2.14)
Hˆrµνρ = H
r
µνρ −
1
2
xmr(χ¯mγµνΨρ + χ¯
mγνρΨµ + χ¯
mγρµΨν)
− i
2
vr(Ψ¯µγνΨρ + Ψ¯νγρΨµ + Ψ¯ργµΨν) , (2.15)
ˆ∂µvr = ∂µv
r − xmr(χ¯mΨµ) , (2.16)
where
ω0µνρ =
1
2
eρa(∂µeν
a − ∂νeµa)− 1
2
eµa(∂νeρ
a − ∂ρeνa) + 1
2
eνa(∂ρeµ
a − ∂µeρa) (2.17)
is the standard spin connection in the absence of torsion, do not generate derivatives of the
parameter under supersymmetry. In the same spirit, one can consider the supercovariant
transformations
δΨµ = Dˆµǫ+
1
4
vrHˆ
r
µνργ
νρǫ ,
δχm =
i
2
xmr (
ˆ∂µvr)γ
µǫ+
i
12
xmr Hˆ
r
µνργ
µνρǫ . (2.18)
The tensorino transformation is complete, while the gravitino transformation could in-
clude additional terms quadratic in the tensorini. On the other hand, one does not expect
modifications of the bosonic transformations in the complete theory.
2.1 Complete Supersymmetry Algebra
The algebra (2.12) has been obtained varying only the fermi fields in the bosonic super-
symmetry transformations. The next step is to compute the commutator varying the
5
bosonic fields as well. There is no important novelty in the complete commutator on vr
and on the vielbein eµ
a. However, the local Lorentz parameter is modified and takes the
form
Ωab = −ξµ(ωˆµab − vrHˆrµab) (2.19)
while, as anticipated, the supersymmetry parameter is
ζ = ξµΨµ . (2.20)
These results are obtained using the torsion equation for ωˆ,
Dˆµeν
a − Dˆνeµa = 2Saµν = −i(Ψ¯µγaΨν) . (2.21)
One can also compute the commutator on xmr . Eqs. (2.3) determine its supersymmetry
variation
δxmr = vr(ǫ¯χ
m) , (2.22)
and the resulting commutator includes a local SO(n) transformation of parameter
Amn = ξµxmr(∂µx
n
r ) + (χ¯
mǫ2)(χ¯
nǫ1)− (χ¯mǫ1)(χ¯nǫ2) . (2.23)
New results come from the complete commutator on Brµν , where one needs to use the
(anti)self-duality conditions. Supercovariantization is at work here, since these conditions
are first-order equations, that become
GrsHˆ
s
µνρ =
1
6e
ǫµνραβγHˆ
αβγ
r . (2.24)
It is actually possible to alter these conditions demanding that the modified tensor
Hˆrµνρ = Hˆrµνρ + iαvr(χ¯mγµνρχm) (2.25)
satisfy (anti)self-duality conditions as in eq. (2.24). Using eqs. (2.3), one can see that
the new χ2 terms contribute only to the self-duality condition, while the tensors xmr Hˆ
r
µνρ
remain antiself dual without extra χ2 terms. Consequently, since the commutator on Brµν
uses only the antiself-duality conditions, the result does not contain terms proportional
6
to α. The commutator on the tensor fields generates all local symmetries in the proper
form, aside from the extra terms
[δ1, δ2]extraB
r
µν =
1
2
vr(ǫ¯1χ
m)(χ¯mγµνǫ2)− 1
2
vr(ǫ¯2χ
m)(χ¯mγµνǫ1) , (2.26)
that may be canceled adding χ2 terms to the transformation of the gravitino. The most
general expression one can add is
δ′Ψµ = ia γµχ
m(ǫ¯χm) + ib γνχ
m(ǫ¯γµ
νχm) + ic γµνρχ
m(ǫ¯γνρχm) , (2.27)
with a, b and c real coefficients, and the total commutator on Brµν then leads to the
relations
a+ b = −1
2
, b+ 2c = 0 . (2.28)
The commutator on eµ
a now closes with a local Lorentz parameter modified by the addi-
tion of
∆Ωab = −1
2
[(χ¯mǫ1)(ǫ¯2γ
abχm)− (χ¯mǫ2)(ǫ¯1γabχm)] , (2.29)
while the commutators on the scalar fields are not modified.
One can now start to compute the commutators on fermi fields, that as usual close only
on shell. Following [16], we will actually use this result to derive the complete fermionic
equations. Let us begin with the commutator on the tensorini, using eq. (2.18). This
fixes the free parameter in the gravitino variation and the parameter α in eq. (2.25), so
that
a = −3
8
, b = −1
8
, c =
1
16
, α = −1
8
. (2.30)
Supercovariance determines the field equation of the tensorini up to a term proportional
to χ3. Closure of the algebra fixes this additional term, and the end result is
γµDˆµχ
m − 1
12
vrHˆ
r
µνργ
µνρχm − i
2
xmr Hˆ
rµνργµνΨρ
− i
2
xmr (
ˆ∂νvr)γ
µγνΨµ − i
2
γαχn(χ¯nγαχ
m) = 0 . (2.31)
The complete commutator of two supersymmetry transformations on the tensorini is then
[δ1, δ2]χ
m = δgct χ
m + δLorentz χ
m + δSO(n) χ
m + δsusy χ
m +
1
4
γαξα [eq. χ
m] . (2.32)
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A similar result can be obtained for the gravitino. In this case the complete equation,
γµνρDˆνΨρ +
1
4
vrHˆ
r
ναβγ
µνργαβΨρ − i
2
xmr Hˆ
rµνργνρχ
m +
i
2
xmr (
ˆ∂νvr)γ
νγµχm
+
3i
2
γµαχm(χ¯mΨα)− i
4
γµαχm(χ¯mγαβΨ
β) +
i
4
γαβχ
m(χ¯mγµαΨβ)
− i
2
χm(χ¯mγµαΨα) = 0 , (2.33)
is fixed by supercovariance, and the commutator closes up to terms proportional to a
particular combination of eq. (2.33) and its γ-trace. Moreover, a non-trivial symplectic
structure makes its first appearance in a commutator, so that the final result is
[δ1, δ2]Ψ
a
µ = δgctΨ
a
µ + δLorentzΨ
a
µ + δsusyΨ
a
µ
+
3
8
ξαγα([eq. Ψµ]− 1
4
γµ[γ − trace])a
+
1
96
σib
aγαβγξiαβγ([eq. Ψµ]−
1
4
γµ[γ − trace])b , (2.34)
where
ξiαβγ = −i[ǫ¯1γαβγǫ2]i . (2.35)
Summarizing, from the algebra we have obtained the complete fermionic equations
of (1, 0) six-dimensional supergravity coupled to n tensor multiplets. In addition, the
modified 3-form
Hˆrµνρ = Hˆrµνρ −
i
8
vr(χ¯mγµνρχ
m) (2.36)
satisfies the (anti)self-duality conditions
GrsHˆsµνρ =
1
6e
ǫµνραβγHˆαβγr . (2.37)
We have also identified the complete supersymmetry transformations, that we collect here
for convenience:
δeµ
a = −i(ǫ¯γaΨµ) ,
δBrµν = iv
r(Ψ¯[µγν]ǫ) +
1
2
xmr(χ¯mγµνǫ) ,
δvr = x
m
r (χ¯
mǫ) ,
δΨµ = Dˆµǫ+
1
4
vrHˆ
r
µνργ
νρǫ− 3i
8
γµχ
n(ǫ¯χn)− i
8
γνχn(ǫ¯γµνχ
n) +
i
16
γµνρχ
n(ǫ¯γνρχn) ,
δχm =
i
2
xmr (
ˆ∂αvr)γ
αǫ+
i
12
xmr Hˆ
r
αβγγ
αβγǫ . (2.38)
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2.2 Bosonic Equations of Motion and Supersymmetry
In order to obtain the bosonic equations, it is convenient to associate the fermionic equa-
tions to the Lagrangian
e−1Lfer = − i
2
Ψ¯µγ
µνρDν [
1
2
(ω + ωˆ)]Ψρ − i
8
vr[H + Hˆ]
rµνρ(Ψ¯µγνΨρ)
+
i
48
vr[H + Hˆ]
r
αβγ(Ψ¯µγ
µναβγΨν) +
i
2
χ¯mγµDµ(ωˆ)χ
m
− i
24
vrHˆ
r
µνρ(χ¯
mγµνρχm) +
1
4
xmr [∂νv
r + ˆ∂νvr](Ψ¯µγ
νγµχm)
−1
8
xmr [H + Hˆ]
rµνρ(Ψ¯µγνρχ
m) +
1
24
xmr [H + Hˆ ]
rµνρ(Ψ¯αγαµνρχ
m)
+
1
8
(χ¯mγµνρχm)(Ψ¯µγνΨρ)− 1
8
(χ¯mγαχn)(χ¯mγαχ
n) , (2.39)
where, in the 1.5 order formalism, the spin connection
ωµνρ = ω
0
µνρ −
i
2
(Ψ¯µγνΨρ + Ψ¯νγρΨµ + Ψ¯νγµΨρ)
− i
4
(Ψ¯αγµνραβΨ
β)− i
4
(χ¯mγµνρχ
m) (2.40)
satisfies its equation of motion, and is thus kept fixed in all variations.
In order to derive the bosonic equations, one can add to (2.39)
e−1Lbose = −1
4
R +
1
12
GrsH
rµνρHsµνρ −
1
4
∂µv
r∂µvr . (2.41)
One can then obtain from Lfer + Lbose the equations for the vielbein and the scalars,
with the prescription that the (anti)self-duality conditions be used only after varying.
Actually, ignoring momentarily eq. (2.37) and varying Lfer + Lbose with respect to the
antisymmetric tensor Brµν yields the second-order tensor equation, the divergence of eq.
(2.37),
Dµ(GrsHˆ
sµνρ) =
1
2
Dµ[x
m
r (χ¯
mγµνραΨα)]
− i
4
Dµ[vr(Ψ¯αγ
αβµνρΨβ)] +
i
4
Dµ[vr(χ¯
mγµνρχm)] . (2.42)
In a similar fashion, the scalar equation is
xmr [
1
2
Dµ(∂
µvr) +
1
3
vsH
rµνρHsµνρ −
i
4
Hrµνρ(Ψ¯µγνΨρ) +
i
24
Hrαβγ(Ψ¯µγ
µναβγΨν)
− i
24
Hrµνρ(χ¯
nγµνρχn)− 1
2
Dν(x
n
r (Ψ¯µγ
νγµχn))]
+vr[−1
4
Hrµνρ(Ψ¯µγνρχ
m) +
1
12
Hrµνρ(Ψ¯αγαµνρχ
m)] = 0 , (2.43)
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while the Einstein equation is
1
2
eβa[R
αβ − 1
2
gαβR−GrsHrανρHsβνρ + 1
6
gαβGrsH
r
µνρH
sµνρ
+∂αvr∂βvr − 1
2
gαβ∂µv
r∂µvr]− i
2
eαa(Ψ¯µγ
µνρDˆνΨρ) +
i
2
(Ψ¯aγ
ανρDˆνΨρ)
+
i
2
(Ψ¯µγ
µαρDˆaΨρ) +
i
2
(Ψ¯µγ
µναDˆνΨa)− i
4
eαavrHˆ
r
µνρ(Ψ¯
µγνΨρ) +
i
4
vrHˆ
r
µaρ(Ψ¯
µγαΨρ)
+
i
2
vrHˆ
rανρ(Ψ¯aγνΨρ) +
i
2
vrHˆ
r
aνρ(Ψ¯
αγνΨρ) +
i
24
eαavrHˆ
r
βγδ(Ψ¯µγ
µνβγδΨν)
− i
12
vrHˆ
r
βγδ(Ψ¯aγ
ανβγδΨν)− i
8
vrHˆ
r
aβγ(Ψ¯µγ
µναβγΨν) +
i
2
eαa(χ¯
mγµDˆµχ
m)
− i
2
(χ¯mγαDˆaχ
m)− i
24
eαavrHˆ
r
µνρ(χ¯
mγµνρχm) +
i
8
vrHˆ
r
aνρ(χ¯
mγανρχm)
+
1
2
eαax
m
r (
ˆ∂νvr)(Ψ¯µγ
νγµχm)− 1
2
xmr (
ˆ∂avr)(Ψ¯µγ
αγµχm)− 1
2
xmr (
ˆ∂νvr)(Ψ¯aγ
νγαχm)
−1
4
eαax
m
r Hˆ
r
µνρ(Ψ¯
µγνρχm) +
1
2
xmr Hˆ
r
µaρ(Ψ¯
µγαρχm) +
1
4
xmr Hˆ
rα
νρ(Ψ¯aγ
νρχm)
+
1
4
xmr Hˆ
r
aνρ(Ψ¯
αγνρχm) +
1
12
eαax
m
r Hˆ
r
µνρ(Ψ¯σγ
σµνρχm)− 1
12
xmr Hˆ
r
µνρ(Ψ¯aγ
αµνρχm)
−1
4
xmr Hˆ
r
aνρ(Ψ¯σγ
σανρχm) + (fermi)4 = 0 . (2.44)
For the sake of brevity, a number of quartic fermionic couplings, fully determined by the
lagrangian of eqs. (2.39) and (2.41), are not written explicitly. It then takes a direct, if
somewhat tedious, calculation to prove local supersymmetry, showing that
δF
δL
δF
+ δB
δL
δB
= 0 , (2.45)
where F and B denote collectively the fermi and bose fields aside from the antisymmetric
tensors. We would like to stress that the equations for the fermi fields defined from the
gauge algebra differ from the lagrangian equations by overall factors that may be simply
identified.
3 Inclusion of Vector Multiplets
A (1, 0) Yang-Mills multiplet in six dimensions comprises gauge vectors Aµ and pairs
of left-handed spinors λa satisfying a symplectic Majorana condition, all in the adjoint
representation of the gauge group. In this Section we write the complete field equations
for N = 1 supergravity coupled to n tensor multiplets and to vector multiplets, extending
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the results of [6, 7]. This setting plays a crucial role in six-dimensional perturbative type-I
vacua, that naturally include a number of tensor multiplets [11], and more generally in
the context of string dualities relating these to non-perturbative vacua of other strings
and to M theory [13]. In all these cases, the anomaly polynomial comprises in principle
an irreducible part, that in perturbative type-I vacua is removed by tadpole conditions,
and a residual reducible part of the form
I8 = −
∑
x,y
crx c
s
y ηrs trxF
2 tryF
2 , (3.1)
with the c’s a collection of constants and η the Minkowski metric for SO(1, n). In general,
this residual anomaly should also include gravitational and mixed contributions, but we
leave them aside, since they would contribute higher-derivative couplings not part of the
low-energy effective supergravity.
The antisymmetric tensors are not inert under vector gauge transformations, as de-
manded by the Chern-Simons couplings
Hr = dBr − crzωz , (3.2)
where the index z runs over the various factors of the gauge group. Gauge invariance of
Hr indeed requires that Brµν transform under vector gauge transformations according to
δBr = crztrz(ΛdA) . (3.3)
To lowest order, the (anti)self-duality conditions (2.5) are not affected, while their diver-
gence becomes
Dµ(GrsH
sµνρ) = − 1
4e
ǫνραβγδczrtrz(FαβFγδ) . (3.4)
In a similar fashion, the fermionic equations become
γµνρDνΨρ + vrH
rµνργνΨρ − i
2
xmr H
rµνργνρχ
m
+
i
2
xmr ∂νv
rγνγµχm − 1√
2
vrc
rztrz(Fστγ
στγµλ) = 0 (3.5)
for the gravitino,
γµDµχ
m − 1
12
vrH
rµνργµνρχ
m − i
2
xmr H
rµνργµνΨρ
− i
2
xmr ∂νv
rγµγνΨµ − i√
2
xmr c
rztrz(Fµνγ
µνλ) = 0 (3.6)
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for the tensorini and
vrc
rzγµDµλ+
1
2
(∂µvr)c
rzγµλ+
1
2
√
2
vrc
rzFαβγ
µγαβΨµ
+
i
2
√
2
xmr c
rzFµνγ
µνχm − 1
12
crzHrµνργ
µνρλ = 0 (3.7)
for the gaugini. The supersymmetry transformations of the vector multiplet are
δAµ = − i√
2
(ǫ¯γµλ) ,
δλ = − 1
2
√
2
Fµνγ
µνǫ , (3.8)
while the tensor transformation becomes
δBrµν = iv
r(Ψ¯[µγν]ǫ) +
1
2
xmr(χ¯mγµνǫ)− 2crztrz(A[µδAν]) . (3.9)
The other transformations are not modified, aside from the change induced by (3.2) in
the definition of Hr. Varying the fermi fields in the fermionic equations then gives the
bosonic equations
xmr Dµ(∂
µvr) +
2
3
xmr vsH
r
αβγH
sαβγ − xmr crztrz(FαβF αβ) = 0 (3.10)
for the scalar,
Rµν − 1
2
gµνR + ∂µv
r∂νvr − 1
2
gµν∂αv
r∂αvr −GrsHrµαβHsναβ
+4vrc
rztrz(FαµF
α
ν − 1
4
gµνFαβF
αβ) = 0 (3.11)
for the metric, and
Dµ(vrc
rzF µν)− crzGrsHsνρσFρσ = 0 (3.12)
for the vectors. The commutator of two supersymmetry transformations now includes a
gauge transformation of parameter
Λ = ξαAα . (3.13)
The novelty here is the non-vanishing divergence of eq. (3.12)
DµJ
µ = − 1
2e
ǫµναβγδcrzcz
′
r Fµνtrz′(FαβFγδ) , (3.14)
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that reflects the presence of the residual gauge anomaly [7]. In particular, eq. (3.14) gives
the covariant anomaly. Leaving aside momentarily the (anti)self-duality conditions, one
might expect to derive eq. (3.12) from
e−1L = −1
2
vrc
rztrzFµνF
µν +
1
12
GrsH
rµνρHsµνρ , (3.15)
but this is actually not the case. In fact, eq. (3.12) is not integrable, while the inclusion
of a Wess-Zumino term
e−1L = −1
2
vrc
rztrzFµνF
µν +
1
12
GrsH
rµνρHsµνρ −
1
8e
ǫµναβγδczrB
r
µνTrz(FαβFγδ) , (3.16)
turns the vector equation into
Dµ(vrc
rzF µν)−GrsHsνρσcrzFρσ − 1
8e
ǫνραβγδczrAρc
rz′trz′(FαβFγδ)
− 1
12e
ǫνραβγδczrFραc
rz′ωz
′
βγδ = 0 , (3.17)
and now the divergence of the gauge current is the consistent anomaly [7]
AΛ = −1
4
ǫµναβγδczrc
rz′trz(Λ∂µAν)trz′(FαβFγδ) . (3.18)
As an aside, one can observe that, ignoring the (anti)self-duality conditions, eq. (3.16)
yields the second-order tensor equations (3.4) when varied with respect to the antisym-
metric fields.
The Wess-Zumino consistency condition [17]
δΛAǫ = δǫAΛ (3.19)
now implies the presence of a supersymmetry anomaly of the form
Aǫ = −1
4
ǫµναβγδczrc
rz′trz(δǫAµAν)trz′(FαβFγδ)− 1
6
ǫµναβγδczrc
rz′trz(δǫAµFνα)ω
z′
βγδ , (3.20)
and indeed the supersymmetry variation of the lagrangian is exactly eq. (3.20). Moreover,
the divergence of the gravitino field equation, proportional to eq. (3.20), reflects the
presence of the induced supersymmetry anomaly. We shall now complete this construction
to all orders in the fermi fields.
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3.1 Complete Supersymmetry Algebra
Let us begin by noting that the supercovariant Yang-Mills field strength is
Fˆµν = Fµν +
i√
2
(λ¯γµΨν)− i√
2
(λ¯γνΨµ) , (3.21)
while the other supercovariant fields are not modified. The supersymmetry transforma-
tions
δeµ
a = −i(ǫ¯γaΨµ) ,
δBrµν = iv
r(Ψ¯[µγν]ǫ) +
1
2
xmr(χ¯mγµνǫ)− 2crztrz(A[µδAν]) ,
δvr = x
m
r (χ¯
mǫ) ,
δAµ = − i√
2
(ǫ¯γµλ) ,
δΨµ = Dˆµǫ+
1
4
vrHˆ
r
µνργ
νρǫ− 3i
8
γµχ
n(ǫ¯χn)− i
8
γνχn(ǫ¯γµνχ
n) +
i
16
γµνρχ
n(ǫ¯γνρχn) ,
δχm =
i
2
xmr (
ˆ∂αvr)γ
αǫ+
i
12
xmr Hˆ
r
αβγγ
αβγǫ ,
δλ = − 1
2
√
2
Fˆµνγ
µνǫ , (3.22)
could in principle include additional terms proportional to λ2. To be precise, one could add
to δΨ a term proportional to vrc
rztrz(λ
2ǫ), and to δχ a term proportional to xmr c
rztrz(λ
2ǫ).
Moreover, the (anti)self-duality conditions could be modified by a self-dual term of the
form crztrz(λ¯γµνρλ).
Let us proceed to study the supersymmetry algebra completely. On the scalar, the
vielbein and the gauge field, the algebra closes with no subtleties, while additional infor-
mation comes from the algebra on the tensor fields. Using the (anti)self-duality conditions
satisfied by the 3-forms in eq. (2.25), one can show that the algebra on Br closes up to
the extra terms
[δ1, δ2]extraB
r
µν = c
rztrz[(ǫ¯1γµλ)(ǫ¯2γνλ)− (ǫ¯1γνλ)(ǫ¯2γµλ)] . (3.23)
These can be canceled modifying the transformations of the gravitino and of the tensorini
according to
δ′Ψµ = ivrc
rz{a trz[λ(ǫ¯γµλ)] + b trz[γµνλ(ǫ¯γνλ)] + c trz[γνρλ(ǫ¯γµνρλ)]} ,
δ′χm = d xmr c
rztrz[γαλ(ǫ¯γ
αλ)] , (3.24)
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and requiring that the modified 3-form
Hˆrµνρ = Hˆrµνρ −
i
8
vr(χ¯mγµνρχ
m) + iα crztrz(λ¯γµνρλ) (3.25)
satisfy the (anti)self-duality conditions
GrsHˆsµνρ =
1
6e
ǫµνραβγHˆαβγr . (3.26)
It should be appreciated that this change in the definition of the field strengths only
affects the antiself-duality conditions, since (λ¯γαβγλ) is self-dual.
Requiring closure of the algebra on Br then implies the conditions
α =
1
4
, d =
1
2
, a+ b = −1 , b+ 2c = 0 , (3.27)
and only one of the parameters is still undetermined. These terms have no effect for
the scalars and the vectors, while the commutator on eµ
a shows that the local Lorentz
parameter is modified by the addition of
∆′Ωab = vrc
rztrz[(ǫ¯1γ
aλ)(ǫ¯2γ
bλ)− (ǫ¯2γaλ)(ǫ¯1γbλ)] . (3.28)
Turning to the fermi fields, the commutator on the tensorini χm involves techniques
already met in the case with tensor multiplets only, and fixes the last free parameter in
eqs. (3.27), so that
a = −9
8
, b =
1
8
, c = − 1
16
. (3.29)
It closes on the field equation
γµDˆµχ
m − 1
12
vrHˆ
r
µνργ
µνρχm − i
12
xmr Hˆ
rµνργαγµνρΨ
α − i
2
xmr (
ˆ∂νvr)γ
µγνΨµ
− i√
2
xmr c
rztrz(Fˆµνγ
µνλ)− 1
2
xmr c
rztrz[γ
µγαλ(Ψ¯µγαλ)]− i
2
γαχn(χ¯nγαχ
m)
+
3i
8
vrc
rztrz[(χ¯
mγµνλ)γ
µνλ] +
i
4
vrc
rztrz[(χ¯
mλ)λ] = 0 , (3.30)
where all terms containing the gravitino are exactly determined by supercovariance. More-
over, the field equation appears in the commutator as in the theory without gauge fields:
[δ1, δ2]χ
m = δgctχ
m + δLorentzχ
m + δSO(n)χ
m + δsusyχ
m +
1
4
γαξα[eq. χ
m] . (3.31)
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Using similar techniques, one can compute the commutator on the gaugini λ. Here,
however, the transformation
δλ = − 1
2
√
2
Fˆµνγ
µνǫ (3.32)
can not produce the terms proportional to xmr already present at the lowest order, and
the only way to generate them is to modify eq. (3.32) by terms of the form
xmr c
rz
vscsz
χm λ ǫ . (3.33)
Singular couplings of this type were previously introduced in [8]. We therefore add all
possible extra terms, that modulo Fierz identities are
δ′λ =
xmr c
rz
vscsz
[a(χ¯mλ)ǫ+ b(χ¯mγαβλ)γ
αβǫ+ c(χ¯mǫ)λ+ d(χ¯mγαβǫ)γ
αβλ] , (3.34)
and determine their coefficients from the algebra. Eq. (3.34) should not affect the vector
(and, a fortiori, the tensor) commutator, and thus the coefficients are to obey the three
equations
a− 2c = 0 , b = 0 , c+ 2d = 0 . (3.35)
The other conditions,
a + 2b = −1
2
, c+ 2d+ 4b = 0 , 2d+
1
8
a +
1
4
b =
3
16
, (3.36)
are obtained from the algebra on the gaugini, for instance tracking the terms generated by
eq. (3.34) and proportional to ∂v. Combining eqs. (3.35) and (3.36), one finally obtains
a = −1
2
, c = −1
4
, d =
1
8
. (3.37)
As was the case for the gravitino already without vector multiplets, here the algebra
generates the field equation with a non trivial symplectic structure,
3
8
γαξα[eq.λ
a] +
1
96
γαβγσib
aξiαβγ [eq.λ
b] , (3.38)
where ξiαβγ is defined in eq. (2.35).
Eq. (3.34) also affects the algebra on the tensorini, whose field equation now includes
two additional terms, and becomes
γµDˆµχ
m − 1
12
vrHˆ
r
µνργ
µνρχm − i
12
xmr Hˆ
rµνργαγµνρΨ
α − i
2
xmr (
ˆ∂νvr)γ
µγνΨµ
16
− i√
2
xmr c
rztrz(Fˆµνγ
µνλ)− 1
2
xmr c
rztrz[γ
µγαλ(Ψ¯µγαλ)]− i
2
γαχn(χ¯nγαχ
m)
+
3i
8
vrc
rztrz[(χ¯
mγµνλ)γ
µνλ] +
i
4
vrc
rztrz[(χ¯
mλ)λ]
+
3i
2
xmr c
rzxns c
sz
vtctz
trz[(χ¯
nλ)λ]− i
4
xmr c
rzxns c
sz
vtctz
trz[(χ¯
nγαβλ)γ
αβλ] = 0 . (3.39)
In the commutator of two supersymmetry transformations on the gaugini, these terms
complete the algebra and let it close on the field equation, that now includes χ2λ terms
corresponding to the λ2χ terms in the equation for the tensorini. In addition, the λ3 terms
comprise two groups: those proportional to vrvs and those proportional to ηrs (recall, from
eqs. (2.3), that xmr x
m
s = vrvs − ηrs). The former generate local Lorentz transformations
according to eq. (3.28) and the term
ivrvsc
rzcsz
′
trz′[(λ¯γαλ
′)γαλ′] (3.40)
in the field equation, while the latter are
[δ1, δ2]extraλ =
czrc
rz′
vscsz
trz′[−1
4
(ǫ¯1γαλ
′)(ǫ¯2γβλ
′)γαβλ+
1
4
(λ¯γαλ
′)(ǫ¯1γ
αλ′)ǫ2 − (1↔ 2)
+
1
16
(ǫ¯1γ
αǫ2)(λ¯
′γαβγλ
′)γβγλ] . (3.41)
In general, one could allow for a modified field equation including the λ3 term
− iαczrcrz
′
trz′[(λ¯γαλ
′)γαλ′] , (3.42)
with α an arbitrary parameter. Although the choice α = 1 could seem the preferred
one on account of the rigid limit, since the supersymmetric Yang-Mills theory in six
dimensions does not contain such a λ3 term, the (1, 0) supergravity is actually consistent
for an arbitrary value of α, with the corresponding residual terms
δextra(α)λ ≡ [δ1, δ2]extra(α)λ = c
z
rc
rz′
vscsz
trz′[−1
4
(ǫ¯1γαλ
′)(ǫ¯2γβλ
′)γαβλ
−α
2
(λ¯γαλ
′)(ǫ¯1γβλ
′)γαβǫ2 +
α
16
(λ¯γαβγλ
′)(ǫ¯1γ
γλ′)γαβǫ2
+
α
16
(λ¯γγλ
′)(ǫ¯1γ
αβγλ′)γαβǫ2 +
1− α
4
(λ¯γαλ
′)(ǫ¯1γ
αλ′)ǫ2 − (1↔ 2)
+
1− α
16
(ǫ¯1γ
αǫ2)(λ¯
′γαβγλ
′)γβγλ] (3.43)
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in the commutator of two supersymmetry transformations on the gaugini. It should be
appreciated that no choice of α can eliminate all these terms, that play the role of a
central charge felt only by the gaugini. The Jacobi identity for this charge is properly
satisfied for any value of α, and thus we are effectively discovering a 2-cocycle in our
problem. It has long been known that, in general, anomalies in current conservations are
accompanied by related anomalies in current commutators [18], but it is amusing to see
how this “classically anomalous” model displays all these intricacies.
The complete algebra
[δ1, δ2]λ
a = δgctλ
a + δLorentzλ
a + δsusyλ
a + δgaugeλ
a + δextra(α)λ
a
+
3
8
γαξα[eq.λ
a](α) +
1
96
γαβγσib
aξiαβγ[eq.λ
b](α) (3.44)
determines the complete field equation of the gaugini
vrc
rzγµDˆµλ+
1
2
( ˆ∂µvr)c
rzγµλ+
1
2
√
2
vrc
rzFˆαβγ
µγαβΨµ +
i
2
√
2
xmr c
rzFˆαβγ
αβχm
+
1
12
xmr c
rzxms Hˆ
s
µνργ
µνρλ+
1
2
xmr c
rz(χ¯mλ)γµΨµ +
1
4
xmr c
rz(χ¯mΨµ)γ
µλ
−1
8
xmr c
rz(χ¯mγαβΨµ)γ
µαβλ− 1
4
xmr c
rz(χ¯mγµαΨ
µ)γαλ+
i
8
vrc
rz(λ¯χm)χm
+
3i
16
vrc
rz(λ¯γαβχ
m)γαβχm +
3i
4
xmr c
rzxns c
sz
vtctz
(λ¯χm)χn − i
8
xmr c
rzxns c
sz
vtctz
(λ¯γαβχ
m)γαβχn
+ivrvsc
rzcsz
′
trz′[(λ¯γαλ
′)γαλ′]− iαczrcrz
′
trz′ [(λ¯γαλ
′)γαλ′] = 0 (3.45)
where, again, all terms containing the gravitino are fixed by supercovariance, while the χ2λ
terms are precisely as demanded by the λ2χ terms in the field equations of the tensorini.
At last, one can study the algebra on the gravitino, thus obtaining the field equation
γµνρDˆνΨρ +
1
4
vrHˆ
r
ναβγ
µνργαβΨρ − i
12
xmr Hˆ
rαβγγαβγγ
µχm +
i
2
xmr (
ˆ∂νvr)γ
νγµχm
+
3i
2
γµαχm(χ¯mΨα)− i
4
γµαχm(χ¯mγαβΨ
β) +
i
4
γαβχ
m(χ¯mγµαΨβ)− i
2
χm(χ¯mγµαΨα)
+vrc
rztrz[− 1√
2
γαβγµλFˆαβ +
3i
4
γµνρλ(Ψ¯νγνλ)− i
2
γµλ(Ψ¯νγ
νλ) +
i
2
γνλ(Ψ¯νγ
µλ)
+
i
4
γρλ(Ψ¯νγ
µνρλ)] +
1
2
xmr c
rztrz[γαλ(χ¯
mγαγµλ)] = 0 , (3.46)
that enters the supersymmetry algebra as in eq. (2.34). Once more, all terms containing
the gravitino are fixed by supercovariance, while the other λ2χ terms are precisely as
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demanded by the λ2Ψ terms in the tensorino equation and by the λΨχ terms in the
equations of the gaugini.
Summarizing, from the algebra we have obtained the complete fermionic equations of
(1, 0) six-dimensional supergravity coupled to vector and tensor multiplets. In addition,
the modified 3-form
Hˆrµνρ = Hˆrµνρ −
i
8
vr(χ¯mγµνρχ
m) +
i
4
crztrz(λ¯γµνρλ) (3.47)
satisfies the (anti)self-duality conditions
GrsHˆsµνρ =
1
6e
ǫµνραβγHˆαβγr . (3.48)
We have also identified the complete supersymmetry transformations, that we collect here
for convenience:
δeµ
a = −i(ǫ¯γaΨµ) ,
δBrµν = iv
r(Ψ¯[µγν]ǫ) +
1
2
xmr(χ¯mγµνǫ)− 2crztrz(A[µδAν]) ,
δvr = x
m
r (χ¯
mǫ) ,
δAµ = − i√
2
(ǫ¯γµλ) ,
δΨµ = Dˆµǫ+
1
4
vrHˆ
r
µνργ
νρǫ− 3i
8
γµχ
n(ǫ¯χn)− i
8
γνχn(ǫ¯γµνχ
n) +
i
16
γµνρχ
n(ǫ¯γνρχn)
−9i
8
vrc
rztrz[λ(ǫ¯γµλ)] +
i
8
vrc
rztrz[γµνλ(ǫ¯γ
νλ)]− i
16
vrc
rztrz[γ
νρλ(ǫ¯γµνρλ)] ,
δχm =
i
2
xmr (
ˆ∂αvr)γ
αǫ+
i
12
xmr Hˆ
r
αβγγ
αβγǫ+
1
2
xmr c
rztrz[γαλ(ǫ¯γ
αλ)] ,
δλ = − 1
2
√
2
Fˆµνγ
µνǫ− 1
2
xmr c
rz
vscsz
(χ¯mλ)ǫ− 1
4
xmr c
rz
vscsz
(χ¯mǫ)λ
+
1
8
xmr c
rz
vscsz
(χ¯mγαβǫ)γ
αβλ . (3.49)
3.2 Bosonic Equations of Motion
Proceeding as in Section 2, the bosonic equations can be derived from a lagrangian, with
the prescription of using the tensor (anti)self-duality conditions only after varying. The
lagrangian is obtained supplementing Lfermi + Lbose of eqs. (2.39) and (2.41) with the
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terms
−1
2
vrc
rztrz(FµνF
µν)− 1
8e
ǫµναβγδczrB
r
µνTrz(FαβFγδ)
+
i
2
√
2
vrc
rztrz[(F + Fˆ )σδ(Ψ¯µγ
σδγµλ)] +
1√
2
xmr c
rztrz[(χ¯
mγµνλ)Fˆµν ]
+ivrc
rztrz[(λ¯γ
mDˆµλ) +
i
12
xmr x
m
s Hˆ
r
µνρc
sztrz(λ¯γ
µνρλ) +
1
16
vrc
rztrz(λ¯γµνρλ)(χ¯
mγµνρχm)
− i
8
(χ¯mγµνΨρ)x
m
r c
rztrz(λ¯γ
µνρλ)− i
2
xmr c
rztrz[(χ¯
mγµγαλ)(Ψ¯µγαλ)]
− 3
16
vrc
rztrz[(χ¯
mγµνλ)(χ¯
mγµνλ)]− 1
8
vrc
rztrz[(χ¯
mλ)(χ¯mλ)
−3
4
xmr c
rzxns c
sz
vtctz
trz[(χ¯
mλ)(χ¯nλ)] +
1
8
xmr c
rzxns c
sz
vtctz
trz[(χ¯
mγαβλ)(χ¯
nγαβλ)]
+
1
4
(Ψ¯µγνΨρ)(λ¯γ
µνρλ)− 1
2
vrvsc
rzcsz
′
trz,z′[(λ¯γαλ
′)(λ¯γαλ′)]
+
α
2
crzcz
′
r trz,z′[(λ¯γαλ
′)(λ¯γαλ′)] , (3.50)
and the 1.5 order formalism requires that the spin connection ωµνρ now include the addi-
tional term
ω(λ)µνρ = −
i
2
vrc
rztrz(λ¯γµνρλ) . (3.51)
With the new definition of ω, eqs. (2.39), (2.41) and (3.50) then yield the fermi equa-
tions. Moreover, varying with respect to Brµν yields the second-order tensor equations,
the divergence of the (anti)self-duality conditions. The vector equation is covariant, aside
from the anomalous couplings introduced by the Wess-Zumino term in eq. (3.16). The
complete residual gauge anomaly is thus given in eq. (3.18). As we shall see, it solves the
Wess-Zumino consistency conditions even in the presence of supersymmetry.
The complete vector field equation is
crzDν(vrF
νµ)−GrsHˆrµνρcszFνρ − 1
12e
ǫµνραβγczrc
rz′Fνρω
z′
αβγ
− 1
8e
ǫµνραβγczrc
rz′Aνtrz′(FραFβγ)− i
4
vrc
rzFνρ(Ψ¯αγ
αβµνρΨβ)
+
i
4
vrc
rzFνρ(χ¯
mγµνρχm)− x
m
r c
rz
2
Fνρ(Ψ¯αγ
αµνρχm)− i
2
xmr x
m
s c
rzcsz
′
Fνρtrz′(λ¯γ
µνρλ)
+
i√
2
crzDν [vr(Ψ¯αγ
µνγαλ)] +
1√
2
crzDν [x
m
r (χ¯
mγµνλ)] = 0 , (3.52)
the complete scalar equation is obtained adding to eq. (2.43) the terms
xmr {
1
32
crztrz(λ¯γναβλ)(Ψ¯µγ
µνργαβΨρ) +
i
2
√
2
crztrz[(Ψ¯µγ
αβγµλ)(F + Fˆ )αβ)]
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+icrztrz(λ¯γ
µDˆµλ)− 3
16
crztrz[(χ¯
nγαβλ)(χ¯nγαβλ)]− 1
8
crztrz[(χ¯
nλ)(χ¯nλ)]
+
1
4
crztrz(λ¯γ
µνρλ)(Ψ¯µγνΨρ)− vscrzcsz′trz,z′[(λ¯γαλ′)(λ¯γαλ′)]
−1
8
xns c
szxpt c
tz
(v · cz)2 c
rztrz[(χ¯
nγαβλ)(χ¯pγαβλ)] +
3
4
xns c
szxpt c
tz
(v · cz)2 c
rztrz[(χ¯
nλ)(χ¯pλ)]}
+vr{ 1√
2
crztrz[(χ¯
mγαβλ)Fˆαβ ] +
i
12
xms Hˆ
rµνρcsztrz(λ¯γµνρλ)
+
i
12
xms Hˆ
sµνρcrztrz(λ¯γµνρλ)− i
8
crztrz(λ¯γµνρλ)(χ¯
mγµνΨρ)
− i
2
crztrz[(χ¯
mγµγαλ)(Ψ¯µγαλ)] +
1
4
xns c
rzcsz
vtctz
trz[(χ¯
mγαβλ)(χ¯nγαβλ)]
−3
2
xns c
rzcsz
vtctz
trz[(χ¯
mλ)(χ¯nλ)]} , (3.53)
and the Einstein equation is obtained adding to eq. (2.44) the terms
crztrz{2eβavr(FγαF γβ − 1
2
gαβFγδF
γδ) +
i√
2
eαavr(Ψ¯µγ
βγγµλ)Fβγ
− 2i√
2
vr(Ψ¯µγ
αγγµλ)Faγ − i√
2
vr(Ψ¯aγ
βγγαλ)Fβγ +
1√
2
xmr e
α
a(χ¯
mγβγλ)Fβγ
−
√
2xmr (χ¯
mγαγλ)Faγ + ie
α
avr(λ¯γ
µDµλ)− ivr(λ¯γαDaλ)
+
i
12
eαax
m
r x
m
s H
s
µνρ(λ¯γ
µνρλ)− i
4
xmr x
m
s H
s
aνρ(λ¯γ
ανρλ)
− i
4
eβaDρ[vr(λ¯γ
αβρλ)] + (fermi)4} . (3.54)
We would like to stress that this result is expressed in terms of the previous definition of
ω, not corrected by bilinears in the gaugini. Moreover, for the sake of brevity, a number of
quartic fermionic couplings, fully determined by the lagrangian of eqs. (2.39), (2.41) and
(3.50), are not written explicitly. Letting F and B denote all the fermi and bose fields
aside from the antisymmetric tensors, the supersymmetry variation of the lagrangian,
after using the (anti)self-duality conditions of eq. (3.26), is
δB
δL
δB
+ δF
δL
δF
= Aǫ , (3.55)
where Aǫ is the complete supersymmetry anomaly. Neglecting the last term in eq. (3.50),
i.e. setting α to zero,
Aǫ = czrcrz
′
trz,z′{−1
4
ǫµναβγδδǫAµAνF
′
αβF
′
γδ −
1
6
ǫµναβγδδǫAµFναω
′
βγδ
+
ie
2
δǫAµFνρ(λ¯
′γµνρλ′) +
ie
2
δǫAµ(λ¯γ
µνρλ′)F ′νρ + ieδǫAµ(λ¯γνλ
′)F ′µν
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+
e
32
δǫeµ
a(λ¯γµαβλ)(λ¯′γaαβλ
′)− e
2
√
2
δǫAα(λ¯γ
αγβγγλ′)(λ¯′γβΨγ)
+
exms c
sz′
vtctz
′
[− 3i
2
√
2
δǫAα(λ¯γ
αλ′)(λ¯′χm)− i
4
√
2
δǫAα(λ¯γ
αβγλ′)(λ¯′γβγχ
m)
− i
2
√
2
δǫAα(λ¯γβλ
′)(λ¯′γαβχm)]} , (3.56)
while including the last term in eq. (3.50) would give the additional contribution
∆Aǫ = δǫLλ4 , (3.57)
where
Lλ4 = eα
2
czrc
rz′trz,z′[(λ¯γ
αλ′)(λ¯γαλ
′)] . (3.58)
In verifying the supersymmetry anomaly, the equations for the fermi fields and for the
vector field are presented here must be rescaled by suitable overall factors that may be
simply identified.
We now turn to show that Aǫ satisfies the complete Wess-Zumino consistency condi-
tions.
3.3 Wess-Zumino Consistency Conditions
In general, the Wess-Zumino consistency conditions follow from the requirement that the
symmetry algebra be realized on the effective action. For locally supersymmetric theories
this implies
δΛ1AΛ2 − δΛ2AΛ1 = A[Λ1,Λ2] ,
δǫAΛ = δΛAǫ ,
δǫ1Aǫ2 − δǫ2Aǫ1 = Aǫ˜ +AΛ˜ , (3.59)
where only gauge and supersymmetry anomalies are considered, and where ǫ˜ and Λ˜ are
the parameters of supersymmetry and gauge transformations determined by the super-
symmetry algebra.
In global supersymmetry the analysis is somewhat simpler, since the r.h.s. of the last
of eqs. (3.59) does not contain the (global) supersymmetry anomaly. Let us therefore
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begin by reviewing the case of supersymmetric Yang-Mills theory in four dimensions [19].
From the 6-form anomaly polynomial
I6 = trF
3 , (3.60)
in the language of forms, one obtains the four-dimensional gauge anomaly
A(4)Λ = tr[Λ(dA)2 +
ig
2
dΛA3] , (3.61)
and from eqs. (3.59) one can determine the form of the global supersymmetry anomaly.
With the classical lagrangian
LSYM = tr
[
−1
2
FµνF
µν + 2iλ¯γµDµλ
]
, (3.62)
and λ a right-handed Weyl spinor, the supersymmetry transformations are
δAµ =
i√
2
(ǫ¯γµλ− λ¯γµǫ) ,
δλ =
1
2
√
2
Fµνγ
µνǫ . (3.63)
The second of eqs. (3.59) (with Aǫ˜ absent in this global case), then determines the
supersymmetry anomaly up to terms cubic in λ,
A(4)ǫ = tr[δǫAA(dA) + δǫA(dA)A−
3ig
2
δǫAA
3] , (3.64)
and indeed
δǫ2A(4)ǫ1 − δǫ1A(4)ǫ2 = A(4)Λ˜ + 3tr[δǫ1Aδǫ2AF − δǫ2Aδǫ1AF ] . (3.65)
In order to compensate the second term in eq. (3.65), one is to add to A(4)ǫ the gauge-
invariant term
∆A(4)ǫ = −
i
2
tr[δǫAλ¯γ
(3)λ+ λ¯δǫAγ
(3)λ] , (3.66)
so that A(4)ǫ + ∆A(4)ǫ is the proper global supersymmetry anomaly. Although the su-
persymmetry algebra closes only on the field equation of λ, in four dimensions a simple
dimensional counting shows that eqs. (3.59) can not generate a term proportional to
γµDµλ. Therefore, in this case the Wess-Zumino consistency conditions close accidentally
even off-shell, as pointed out in [19].
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The situation is quite different in six dimensions. In this case, in the spirit of the
previous Section, let us restrict our attention to the 8-form residual anomaly polynomial
I8 = − crzcz′r trz(F 2)trz′(F 2) , (3.67)
where the sums are left implicit, so that the gauge anomaly is
A(6)Λ = −crzcz
′
r trz(ΛdA)trz′(F
2) . (3.68)
Then, from the second of eqs. (3.59),
A(6)ǫ = −crzcz
′
r [trz(δǫAA)trz′(F
2) + 2trz(δǫAF )ω
z′
3 ] , (3.69)
but there are residual terms, so that
(δǫ1A(6)ǫ2 − δǫ2A(6)ǫ1 )extra = −4crzcz
′
r [trz(δǫ2Aδǫ1A)trz′(F
2) + 2trz(δǫ2AF )trz′(δǫ1AF )] .
(3.70)
Consequently, eq. (3.69) is to be modified by terms cubic in the gaugini, and the complete
result, written in component notation, is finally
A(6)ǫ = −
1
4
ǫµναβγδczrc
rz′trz(δǫAµAν)trz′(F
′
αβF
′
γδ)
−1
6
ǫµναβγδczrc
rz′trz(δǫAµFνα)ω
z′
βγδ
+Aczrc
rz′trz(δǫAµFνρ)trz′(λ¯
′γµνρλ′)
+Bczrc
rz′trz(δǫAµλ¯)γ
µνρtrz′(λ
′F ′νρ)
+Cczrc
rz′trz(δǫAµλ¯)γνtrz′(λ
′F ′µν) , (3.71)
where the coefficients A, B and C satisfy the relations
A+B = i ,
C = 4A− 2B . (3.72)
These leave one undetermined parameter, in agreement with the well-known fact that
anomalies are defined up to the variation of local functionals. Indeed, adding to the
supersymmetry anomaly the term
δǫ[(λ¯γ
αλ′)(λ¯γαλ
′)] (3.73)
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corresponds to adding terms like the last three in eq. (3.71) with coefficients satisfying
the relations A + B = 0 and C = 4A − 2B, that thus preserve eqs. (3.72). One can
then show that the last of eqs. (3.59) generates terms containing one derivative and four
gaugini, that cancel using the Dirac equation γµDµλ = 0. Naturally, something similar
also happens in six-dimensional supergravity, as we are about to verify.
Returning to the supersymmetry anomaly of eq. (3.56), one can observe that the
coefficients of the third, fourth and fifth terms are consistent with eqs. (3.72). Moreover,
demanding that the last of eqs. (3.59) be satisfied fixes the other gauge-invariant terms
to give exactly the anomaly in eq. (3.56). Finally, the Wess-Zumino condition is satisfied
only on-shell, and one obtains
(δǫ1Aǫ2 − δǫ2Aǫ1) = Aǫ˜ +AΛ˜ + czrcrz
′
trz,z′{−e
8
ξσ(λ¯γµλ
′)(λ¯γµγσ[eq.λ′](α=0))
+
e
16
ξiσδτ{[λ¯γτλ′]i(λ¯γσδ[eq.λ′](α=0)) + [λ¯γτλ]i(λ¯′γσδ[eq.λ′](α=0))}} , (3.74)
where we have stressed that the corresponding field equation for the gaugini is determined
by eq. (3.50) with α = 0. To reiterate, the anomaly obtained for α = 0 naturally closes
on the corresponding field equation for λ. Still, the identity
czrc
rz′trz,z′{−e
8
ξσ(λ¯γµλ
′)(λ¯γµγσ[eq.λ′](α)) +
e
16
ξiσδτ{[λ¯γτλ′]i(λ¯γσδ[eq.λ′](α))
+[λ¯γτλ]i(λ¯
′γσδ[eq.λ′](α))}} = czrcrz
′
trz,z′{−e
8
ξσ(λ¯γµλ
′)(λ¯γµγσ[eq.λ′](α=0))
+
e
16
ξiσδτ{[λ¯γτλ′]i(λ¯γσδ[eq.λ′](α=0)) + [λ¯γτλ]i(λ¯′γσδ[eq.λ′](α=0))}}
+
ieα
8
czrc
rz′cz
′
s c
sz′′
vtctz
′
ξµνρi trz,z′,z′′[λ¯γµλ]i[λ¯
′γνλ
′]j [λ¯
′′γρλ
′′]j (3.75)
implies that the last term should somehow be generated in the anomaly, if the Wess-
Zumino condition is to close for any value of α. In the presence of Lλ4 , however, the
anomaly is modified by eq. (3.57), and applying the last of eqs. (3.59) to this term gives
[δǫ1 , δǫ2]Lλ4 = ([δǫ1 , δǫ2]e)
α
2
czrc
rz′trz,z′[(λ¯γαλ
′)(λ¯γαλ′)]
+2eαczrc
rz′trz,z′[(λ¯γαλ
′)(λ¯γα[δǫ1, δǫ2 ]λ
′)] . (3.76)
The commutator in eq. (3.76) is fully known: in particular, the coordinate transformation
in the second term combines with the commutator on e to give a total divergence, while
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gauge and local Lorentz transformations give a vanishing result. Moreover, the field
equation is obtained from eq. (3.50). The charge in eq. (3.43) thus plays a crucial role:
it generates in eq. (3.76) precisely
ieα
8
czrc
rz′cz
′
s c
sz′′
vtctz
′
ξµνρi trz,z′,z′′[λ¯γµλ]i[λ¯
′γνλ
′]j[λ¯
′′γρλ
′′]j , (3.77)
as needed for consistency. Thus, one can understand the rationale behind the occur-
rence of the extension in the algebra on the gaugini: it lets the Wess-Zumino conditions
close precisely on the field equations determined by the algebra. Since the Wess-Zumino
conditions close on the equation of the gaugini, only these fields perceive the additional
transformation.
4 Discussion
In the previous Sections we have completed the coupling of (1, 0) six-dimensional super-
gravity to tensor and vector multiplets. The coupling to tensor multiplets only, initiated
by Romans [4], is of a more conventional nature, and parallels similar constructions in
other supergravity models. One would expect similar results for the completion of the
(2, 0) models in [4]. Our work is here confined to the field equations, but a lagrangian
formulation of the (anti)self-dual two-forms is now possible, following the proposal of
Pasti, Sorokin and Tonin [20] and indeed, while this work was being typed, results to this
effect have been presented in a superspace formulation in [15]. On the other hand, the
coupling to vector multiplets [6], originally suggested by perturbative type-I vacua [11], is
of a more unconventional nature, since it is induced by the residual anomaly polynomial
left over after tadpole conditions are imposed,
I8 = −
∑
x,y
crx c
s
y ηrs trxF
2 tryF
2 . (4.1)
The corresponding Chern-Simons couplings of the two-forms,
Hr = dBr − crzωz , (4.2)
involve the constants crz and determine related couplings of the other fields. In particular,
the Yang-Mills currents are not conserved, and the consistent residual gauge anomaly
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is accompanied by a corresponding anomaly in the supersymmetry current [7]. In com-
pleting these results to all orders in the fermi fields, we have come to terms with another
peculiar feature of anomalies, neatly displayed by these “classical” field equations: anoma-
lous divergences of gauge currents are typically accompanied by corresponding anomalies
in current commutators [18]. Indeed, we have discovered an amusing extension of the
supersymmetry algebra on the gaugini, and we have linked its presence to an ambigu-
ity in the definition of the supergravity model via Wess-Zumino consistency conditions.
Whereas typical supergravity constructions yield a unique result, here one is free to add
to the theory a quartic coupling for the gaugini
Lλ4 = eα
2
czrc
rz′trz,z′[(λ¯γ
αλ′)(λ¯γαλ
′)] , (4.3)
whose presence affects only the supersymmetry anomaly. The Wess-Zumino conditions
for six-dimensional supergravity close only on the field equation of the gaugini, and are
consistent with any choice of α only thanks to the presence of the extension, as discussed
in Section 3.3. Finally, we should mention that the singular gauge couplings vrczr of ref.
[6] are accompanied by corresponding divergent fermionic couplings, partly anticipated
by Nishino and Sezgin [8].
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5 Appendix: Notations and Conventions
In six dimensions, a 3-form Xµνρ is (anti)self-dual if
Xµνρ = (−) 1
6e
ǫµνραβγX
αβγ . (5.1)
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If Xµνρ and Yµνρ are both (anti)self-dual,
XµνρY
µνρ = 0 (5.2)
and
XµναY
µν
β −XµνβY µνα = 0 , (5.3)
while if they have opposite duality properties
XµναY
µν
β +XµνβY
µν
α =
1
3
gαβXµνρY
µνρ . (5.4)
Moreover, an (anti)self-dual antisymmetric tensor Xµνρ satisfies
XµνρXαβρ =
1
4
[−δµβXαγδXνγδ + δνβXαγδXµγδ + δµαXβγδXνγδ − δναXβγδXµγδ] . (5.5)
The signature of our metric is (+,−, ...,−), and the covariant derivative Dµ contains
the full spin connection ω, the torsionless Christoffel connection, the gauge connection
and the composite SO(n) connection
Smnµ = (∂µx
m
r )x
nr . (5.6)
The Clifford algebra is generated by {γa, γb} = 2ηab, and the chirality matrix is
γ7 = γ
0γ1γ2γ3γ4γ5 . (5.7)
Using ǫ012345 = +1, one obtains
γµ1...µn = − (−1)
[n/2]
(6− n)!eǫ
µ1...µnν1...ν6−nγν1...ν6−nγ7 . (5.8)
In particular, eq. (5.8) shows that γµνρΨ is self-dual if Ψ is left-handed, and antiself-dual
if Ψ is right-handed.
Spinors are Sp(2) doublets satisfying the symplectic Majorana condition
Ψa = ǫabCΨ¯Tb , (5.9)
where
Ψ¯a = (Ψ
a)†γ0 (5.10)
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and ǫ12 = ǫ12 = 1. The charge conjugation matrix is defined by
CγµC = −γµ,T , (5.11)
where γ0 is hermitian and the γi are anti-hermitian. Any bilinear Ψ¯aχ
b carries a pair
of Sp(2) indices, and can be decomposed in terms of the identity and of the three Pauli
matrices. Indeed, one can form the bilinears
(Ψ¯χ) = Ψ¯aχ
a , [Ψ¯χ]i = σia
bΨ¯bχ
a , (5.12)
and standard properties imply that
Ψ¯aχ
b =
1
2
δba(Ψ¯χ) +
1
2
σia
b[Ψ¯χ]i . (5.13)
Using eq. (5.9), one can then see that the fermi bilinear (Ψ¯χ) has standard behavior
under Majorana-flip, namely
(Ψ¯χ) = (χ¯Ψ) , (5.14)
while all three bilinears [Ψ¯χ]i have the anomalous behavior
[Ψ¯χ]i = −[χ¯Ψ]i . (5.15)
Corresponding relations hold for all fermi bilinears, that naturally display pairs of opposite
behaviors under Majorana flip. In particular, these properties imply that
[Ψ¯γµνρΨ]i = 0 , (5.16)
a relation often used in deriving our results.
One can study Fierz relations between spinor bilinears using eq. (5.13). If Ψ and χ
have the same chirality
Ψaχ¯b = −1
4
χ¯bγ
aΨaγα +
1
48
χ¯bγ
αβγΨaγαβγ , (5.17)
while if they have opposite chirality
Ψaχ¯b = −1
4
χ¯bΨ
a +
1
8
χ¯bγ
αβΨaγαβ . (5.18)
Interesting results obtain when one (anti)symmetrizes these relations. In particular, eq.
(5.17) implies
Ψaχ¯b − χaΨ¯b = −1
4
(χ¯γαΨ)δabγα +
1
48
[χ¯γαβγΨ]iσib
aγαβγ , (5.19)
a result often used in the paper.
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